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ABSTRACT 
In this article we prove a matricial equivalence to the classification of regular 
Bernstein algebras. On the other hand, we describe all regular nuclear Bernstein 
algebras with stochastic realization of type (n + 1, 1). 
1. INTRODUCTION 
The Bernstein algebras are a nonassociative model of algebras and they 
emerged in connection with a problem in mathematical  heredity theory 
raised by S. N. Bernstein, the stationary principle in genetics (see [1-3]). In 
this way, Bernstein algebras represent populations reaching the equilibrium 
after the first generation. 
Let us recall the definition and some properties of Bernstein algebras 
(see [11]). A Bernstein algebra (A,w) over a field K is a baric algebra (that 
is w: A ~ K is a nonzero algebra homomorphism) that satisfies 
(x2)  2 = 2 (1) 
for every x E A. Every Bernstein algebra has a nonzero idempotent element. 
If e is one of them, then A has a Peirce decomposition A = Ke ® U~ ® V~, 
where ker(w) = U~@V~, U~ = {x E A/ex = 1 ~x} and V~ = {x E A/ex = 0}. 
We denote N = ker(w) and I(A) the set of idempotent elements. 
The dimensions dim U~ and dim V~ do not depend on the choice of the 
idempotent element, so one can define type A = (r + 1, s) where r = dim U~ 
and s = dim V~ (so n = dim A = r + s + 1). Moreover U~ C V~, U~V~ c U~, 
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V 2 C U~ and also the following identities hold: 
(u2)  = u (uv) = u3 = u( v) = u(v  = = u% = 0 (2) 
for every u C U~ and v EVe. On the other hand 
I (A)  = {e + u + u~lu e uc} (3) 
and if ~ = e + g + g2 is another idempotent, hen 
Ue = {U + 2Ug/u E Ue} and V~ = {v-  2(g + g2)v/v e Vc}. (4) 
The dimensions dim U 2 and dim (UV+V 2) do not depend on the particular 
idempotent element. 
The following definitions were introduced by Lyubich in [8]. A Bernstein 
algebra in which UV + V 2 = (0) is called regular. A Bernstein algebra in 
which U 2 = (0) is said to be exceptional. 
On the other hand, a Bernstein algebra A is called nuclear if A 2 = A. A 
Bernstein algebra over ~ has a stochastic realization if there exists a basis 
¢, such that A(¢) • A(¢) C A(¢), where A(¢) is the simplex spanned by 
¢. We remark that Bernstein algebras over R have not necessarily stochas- 
tic realization; that is, there exists Bernstein algebras uch that for every 
basis ¢, A (¢) -A(¢)  ¢ A(¢). A linearly independent set ¢ in A is said to 
be stochastic if A(¢) • A(¢) C A(¢). Therefore, a Bernstein algebra has 
stochastic realization if and only if it has a stochastic basis. 
2. ON THE CLASSIFICATION OF REGULAR 
BERNSTEIN ALGEBRAS 
We denote by 8.h~ n the set of n x n symmetric matrices over the field 
K. This set is a vector space over K of dimension (n + 1)/2. In this set 
we have the congruence quivalence relation ~ by 
X ,', Y ¢:~ 3P E Mn(K),  P is regular/X = pypt .  
Now if X E SA//~ we denote by )( the class of X and by S~-~ n the  quotient 
space 8A4~/~. Also we denote by fff~ the lattice of vector subspaces of 
SM~.  
REMARK. If L is an element of 9Y~n then for every regular P the set 
PLP  t is an element of ~:r~ and dim L = dim PLP  t. Indeed, there is a linear 
isomorphism of S./~4n(K) namely, fp (X)  = PXP  t. 
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Now, by the above considerations the congruence relation induces an 
equivalence ~lat ion on the latticeff)In; we denote this relation by the same 
sign ~ . If L is an element of gJ~, then all the elements in L have the 
same dimension. Consequently, we can define the dimension of L as the 
dimension of one of its elements. 
On the other hand, we denote by 92(n.~) the set of regular nuclear Bernstein 
algebras of type (n + 1,5) and by 9.1n the set 
U 92(n,~). 
6=0 
Now if A E PAn and e is an idempotent element of A we can consider 
the Peirce decomposit ion A = Ke 0 U~ ® V~. A basis (I) = (e, ul . . . .  , un, 
v l , . . .  ,v~} in A is called standard if e is an idempotent element of A, 
u l , . . . ,  un a basis of Ue and Vl . . . .  , v~ a basis of V~. For every basis ¢ in 
Ue we have the vector subspace 
/ l<_i,j<_n 
and 
n(A) : U ~(¢) 
~p bas is  of U~ 
PROPOSITION 2.1. I I(A) is independent of the idempotent element e. 
Proof. The algebra A is regular; consequently if e and e t are two idem- 
potent element of A, then there exists an algebra isomorphism such that  
the image of e is e'. • 
U n (~! ! n PROPOSITION 2.2. Let ¢ = { i}~=l and = {ui}~= 1 be two bases of 
U~. Then the following conditions are equivalent: 
(i) there exists an algebra isomorphism f in A such that f (e )  = e and 
fo r i= l ,  . n; f (u i )  = u i .. , 
(ii) ~(¢)  = ~(¢'). 
PROPOSIT ION 2.3. 
8A/In. Then: 
Let L1 E YI(A), and L2 be some vector subspaee of 
L2 E 1-I(A) <=~ LI = L2. 
Proof. Let ¢ and ¢~ be two bases of Ue; then there exists a unique 
regular matr ix P such that  ¢~ = CP. Now if X r E zr(¢'), then 0 = 
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¢ 'X' (¢ ' )  t = CPX'(¢P) t = ¢(PX'Pt)(¢)  t. Consequently, (PX 'P  t) • zr(¢) 
for all Z '  e 7r(¢'), that is, Pzr(¢')P t C r(¢).  
On the other hand, it is clear that ¢ = ¢ip-1.  It easy to prove (the 
proof is analogous to the above) that p-1TC(¢)(P-1)t C 7r(¢'). 
Finally, since the mappings fp and fp-  1 are linear isomorphism, we have 
that dimTr(¢) = dimTr(¢') and also Prc(¢')P t = 7r(¢). • 
THEOREM 2.1. Let A,A'  be two algebras of 92~. Then 
(i) A is isomorphic to a quotient algebra of A' if and only if II(A') C 
II(A); 
(ii) they are isomorphic if and only if II(A) = H(A'). 
PROPOSITION 2.4. Let A be an algebra in ~,~. Then 
type A = (n + l, 5) ¢* d imH(A)= n(n+l )  5. 
2 
From the point of view of the classification of regular Bernstein algebras 
one of most important conclusions that can be drawn from the preced- 
ing propositions is that the problem of classification of regular Bernstein 
algebras is equivalent to finding a representative element in 9Xn for every 
element of ffJL~. If we denote by ~- the algebra isomorphism equivalence 
relation in 92 m then we have the bijective mapping 
£ = 
Now we define another bijective mapping of P2~/~ onto ~/~.  Let A 
be a fixed Bernstein algebra in P2(n,, ). If e is an idempotent element in A, 
then we define the mapping 
~: bases of U~ × bases of V~ --~ 9Yt,~ 
in the following form: 
if for every basis ¢ = {Ul , . . . ,  u,~} in Ue and every basis ¢ = {Vl, . . . ,  ve} 
in Ve we have the scalar A,kj such that 
5 
k=l  
then we define ~(¢, ¢) = K([Ab], ." •, [A~ij])" 
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PROPOSITION 2.5. With the above notation, we have 
(i) ~(¢, ¢) is a vector subspace of dimension 5; 
(ii) ~(~b, ~) = ~(¢, ~') for all basis ¢' in V~. 
Consequently, by the above proposition the set {(¢, ~) does not depend 
on the basis ~. Therefore we denote this set by ~(¢) and we also denote by 
~(A) the set 
[_J ~(¢). 
¢ is basis of U~: 
It is very easy to prove that if L E ~(A), then -Z(A) = L. Therefore we 
may consider the mapping ~ of 9d~ onto 9"A~/~. 
THEOREM 2.2. The mapping 7a of Pl n onto ~8,~/~ has the following 
properties: 
(i) I rA  E PI~, then typeA = (n + 1, dim ~,(A)); 
(ii) A is isomorphic to a quotient algebra of A' if and only if ~:(A) C 
--(A'); 
(iii) if A, A' E pin, then A is isomorphic to A' if and only if ~(A) = 
=_(A'). 
If we denote by 9~(n,k) the set of elements of ~n of dimension k we have 
the sequence of isomorphisms 
where 5' = n(n + 1)/2 - 5. Consequently we have a bijective mapping 
between PI(,~,~)/~_ and pi(n,~,)/_~. If A is an algebra in pi(n,~)/_~ then we 
denote the corresponding algebra by A' and call A' orthogonal of A. 
COROLLARY 2.1 [9]. A regular nuclear Bernstein algebra over C of type 
(n + 1,1) is isomorphic to one and only one of the following n algebras: 
A~: u~=vl  (1 < i < r), 
where 1 < r < n and all remaining products of basic vectors are zero. 
COROLLARY 2.2. A regular nuclear Bernstein algebra over C of type 
(n + 1, n(n + 1)/2 - 1) is isomorphic to one and only one of the following 
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n algebras: 
A'~: u 2 = ~-~ Vkk 
k-=2 
UiU j ~ V i j  (l < i< j<_n ,  ( i , j )  # (1, 1)) 
where vii 1 < i < j < n, ( i , j )  ~ (1,1) is a basis ofVe, 1 < r < n and all 
remaining products of basic vectors are zero. 
COROLLARY 2.3. A regular nuclear Bernstein algebra over ]~ of type 
(n + 1, 1) is isomorphic to one and only one of the following algebras: 
2 (1 < i < s) At ,s :  u i = V l  
u 2 =-v l  ( s+ l  <_j <_r), 
where 1 < r < n, r /2 < s < r and all remaining products of basic vectors 
are zero. 
COROLLARY 2.4. A regular nuclear Bernstein algebra over R of type 
(n + 1, n(n + 1)/2 - 1) is isomorphic to one and only one of the following 
algebras: 
At, s. u 2 = - Vtt -~- Vii 
t=2 /=s+l  
uiuj =v i j  (1 <i<j<n)  and ( i , j )~(1 ,1 ) ,  
where vii 1 < i < j < n, ( i , j )  ~ (1,1) is a basis of Ve, 1 <<_ r < n, 
r /2 < s < r and all remaining products of basic vectors are zero. 
A classification of Bernstein algebras in the types (2, n -  2) and (3, n -  3) 
has been made in [4, 9, 10]. 
3. REGULAR BERNSTEIN  ALGEBRAS WITH STOCHASTIC  
REALIZATION 
Let A be an n-dimensional algebra over K = ~. If A admits a basis 
el , .  •., cn such that the multiplication constants Aij,k with respect o this 
basis, 
eiej =- ~ ~ij ,kek, i, j = 1 , . . . ,  n, 
k=l 
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satisfy relation 
0 < Aij,k < 1, i , j ,  k = 1 , . . . ,n ,  (6) 
~ ),ij,k = 1, i , j  = 1 , . . . ,n ,  (7) 
k=l  
then A is called an algebra with stochastic realization and this basis is 
called a stochastic basis. 
PROPOSITION 3.1. I f  A is a Bernstein algebra and {el , . . .  ,en} is a 
stochastic basis of A, then w(ei) = 1 for i = 1 , . . . ,  n. 
n n Proof. The mapping s(y~i= t x~ei) = E i=I  Xi i s  a homomorphism of 
algebra into R. Now since such a homomorphism is unique, we obtain that 
w--s ,  • 
If A is a Bernstein algebra with a stochastic realization and stochas- 
tic basis e l , . . . ,en  then we have a quadratic operator V called station- 
ary evolutionary operator (s.e.o. for short) introduced by Lyubich [5]. If 
z = @l , . . . , x , , )  ~ R ", then z' = V(x)  = x 2, i.e., 
,±  
X k = , ,~ i j , kX iX j ,  
i , j= l  
k= 1 , . . . ,n .  (~) 
Following [5] the s.e.o. V is called normal if has the following properties: 
(a) there is no j such that x} = 0; (b) there is no pair j l , j2  such that 'r' 
" J l  
and x'  j~ are proportional; (c) there is no pair j l ,  j2 such that all x}'s depend 
only on xjl + xj~,xi( i  ~ j l , j2).  In [5, 7] (see also [11]) Lyubich described 
all regular normal s.e.o. 
A. N. Grishkov and Y. I. Lyubich posed the following 
PROBLEM. Which Bernstein algebras have a stochastic realization'? 
The solution of this problem is very interesting for the regular Bernstein 
algebras ince [11] we have: 
CONJECTURE (Lyubich). For every normal s.e.o, the corresponding 
Bernstein algebra is regular. 
According to Lyubich only the normal regular s.e.o.'s have a genetic 
interpretation. 
Part 1 of the following theorem concerning the normal s.e.o, is a refor- 
mulation of a theorem obtained by Lyubich (see [6]). 
396 S. GONZ/~LEZ ET  AL. 
THEOREM 3.1. Let a regular Bernste in  algebra of type (n + 1, 1), n k 
1 have a stochastic realization. Then the stochastic basis has one of the 
fol lowing fo rms 
1. With normal  (s.e.o.): 
where UiU j -~- 
max{al, a2} _</3/2. 
I f  n = 2, also 
e 0 -~-e 
e l  = e+ul  
e2 = e - I -u2  
ek =e+uk (3<k<n)  
en+ 1 = e -{- O~lU 1 -{~ O/2U 2 -~-/~V, 
(61i~2j + 61j62i)v, 0 < a l ,a2 ,  
eo=e 
e l  = e+ul  
e2 = e + u2  
e 3 = e+ul  +U2 +2V,  
where u 2 = u~ = 0 and UlU2 = v. 
I f  n = 1, also 
O~ 1 ~-O~ 2 ~ 1, and 
. 
eO ~e 
e l  ~ e+ul  +v  
e2 = e + au l  + ~v, 
where u 2 = v and/3<O<a<l  < 2a - t3. 
Wi thout  normality: 
eo~g 
el = e + ul  + ~ lv  
ek = e + uk (2 < k < n) 
en+ 1 -~- e -}- Ul "~- ~2V,  
where u iu j  = 5 l iA jv  for  1 < i < j < n and fll < 0, A1,2A2,...,2An < 
/32. 
We prove the theorem in the following lemmas. 
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NOTATION. Let e0 , . . .  ,en+l be a stochastic basis of a regular nuclear 
Bernstein algebra A of type (n + 1, 1). Now if e = e02, then e is an idempo- 
tent element of A; therefore we have the decomposit ion A = Ke + Ue + V¢ 
and also if v EVe 
eo = e + pov (9) 
es =e+us+#~v ( l< i<n+l ) ,  (10) 
where us E U¢. Now, as e0,. •. ,  en+l is a basis of A we have that  ul , .  • •, Un+l 
is a generat ing system of U¢; we may suppose that  u l , . . . ,  u~ is a basis of n 
Ue and U~+l = ~k=l  OLkUk, where c~1,... ,c~ > 0, (~r+l , . - .  ,(~, < 0, and 
(:~s+l . . . . .  oL n = 0 since this may be achieved by a change of order in 
the basis. Below we use this notat ion. 
LEMMA 3.1. There exists i such that ei is an idempotent element. 
Proof. If there exists i such that  c~i _< 0, then e~ is an idempotent  
element. Otherwise, e0 is an idempotent  element. 
Consequent ly  we can suppose that  #o = 0. • 
LEMMA 3.2. We may suppose that c~1 > 0 (by an appropriate change 
of order in the basis). 
Proof. We suppose that  all a ' s  are less than or equal to 0. It  is easy to 1 1 see that  eiej = -~es + ~ej for 1 < i, j < n. Therefore el is an idempotent  
element. Let a be the t ranspos i t ion (0, 1). Then 
ul = -u l  - 2#1v 
~ = us - Ul  + ( ,~ - . , )v  (2 < i < n)  
is a basis of Ue.(o) and 
e¢(1) = Ca(o) + ~a(1) q- /~1 v 
e~(s) = co(0) + u~(~) (2 < i < n) 
( /=~1 ) n e~(n+l) e~r(o) + 1 -- c~i u~o) + ~ c~ju~(j) + (#,~+1) • 
j=2 
Consequently, from now on we can suppose that  ~1 > 0. • 
LEMMA 3.3. I f  there exists k such that c~k > O, then 
1 1 
Pi = O, e ie j  =- ½el + -~ej, u iu  j : O, )kin+l,n+l ~ -~ 
for O <_ i, j <_ n and i ~ k ~ j .  
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Proof. I f i  # k, n+l ,  then the product eoe~ is equal toe+½ui  and 
also to ~-~j=l A0~,jej. Therefore 
~Oi,k + O~k~Oi,n+l = 0 --* )~0i ,n+l  ~ 0 
1 
AOi,j + (xkO = 0 ~ AOi,j = 0 (0 < j <_ n , j  # i). 
1 It is clear that  e0ei = ~(e0 + ei) and consequently #i = 0. On the other 
= 1 hand, it is easy to prove that  i f j  # k, n+ 1, then eiej ~e i+ ½ej. 
Therefore ei is an idempotent element and uiuj  = O. 
Consequently, as a l  > 0, by the above lemma #i = 0 (2 < i < n) and if 
r = 2, then UlU 2 # 0 and uiuj  = 0 otherwise. • 
LEMMA 3.4. I f  there exists k, 1 < k < n such that (~k < O, then: 
(i) ek and en+l are idempotent elements; 
1 (ii) A0~+l,n+l _> ~. 
LEMMA 3.5. The number of a's different from zero is less than 3. 
Proof. We suppose that  the number of a ' s  different han zero is greater 
than 2. By Lemma 3.3 r _< 2; consequently, we have (~1 > 0 > (~3- Now it 
1 1 is clear by Lemmas 3.3 and 3.4 that  e0e~+l = ~e0 + -~en+l and therefore 
~n+l  ~ O. 
On the other hand, by Lemma 3.3, a2 cannot be greater than zero; 
therefore ~2 < 0. But in this case 
e ie  j ---+ u iu  j ~ 0 
e ien+ 1 ~ UlU i ~ 0 
2 
en+ 1 ~ U l  2 = 0 
(2 _< i , j  < n), 
(2 < i < n), 
contradiction. 
LEMMA 3.6. We may suppose that ol 1 > O, Ot 2 ~ 0 and (xi = 0 for 
i = 3 , . . . ,  n (by a adequate change of order in the basis). 
Proof. If  Ot I ) 0 and (~2 < 0, then considering the transposit ion ~ = 
(1, n + 1) and the basis in the order ca(0), . . . ,  e¢(~+1) we achieve all the (~'s 
greater than zero. • 
LEMMA 3.7. We may suppose that (~i = 0 for i = 3 , . . . ,  n, oL 1 ~ 0, 
~2 >_ 0 and one of the following cases: 
(i) n = 1 and a l  < 1; 
(ii) n = 2 and O~ 1 : O~ 2 ~-- 1; 
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(i i i) a l  = 1 and oL 2 ~- O; 
( iv)  a l  + a2  = 1 and 0 < O~1, O~2; 
for a suitable change of order in the basis. 
Pro@ 1. I f  o~ 1 > 1 and  a2 = 0, then  we cons ider  the  t ranspos i t ion  
= (1, n + 1) in the  basis.  
2. I f  1 > cq > 0 and  c~2 = 0, then  e l  is and idempotent  e lement .  Now,  
cons ider ing  the  t ranspos i t ion  a = (0, 2) in the  basis  we  obta in  the  result .  
3. If a'a, c~2 > 0, then  
1 e ie j=~(e i+e j ) ,  O<_ i , j<_n , ( i , j )¢ (1 ,2 ) .  
There fore ,  # ,  = 0 for i = 1 , . . .  ,n .  Now if we cons ider  v = UlU2, then  
e le2  -- 
e len+ 1 
e2en+ 1 
2 
en+ 1 = 
O~ 1 -I- Og 2 - -  1 #n+l  - 2a l  ~tn+ 1 - 2c~ z 1 
e0 q- e l  + e2 + en+l  
2#n+1 2#n+ 1 2p~+ 1 /~n+ 1 
(#n+a - 2~2)(1 - o/1 - 0~2) ~n+l  -}- (~n+l  - 2°~2)o~1 
eo -b el 
2 / tn+l  2/*n+1 
(u~+l  - 2a2)a2 a2 
q- e2 q- en+l 
2/Zn+l ~n+l  
(Pn+l  -- 2OQ)(1 -- Oq -- O~2) (~n+l  -- 2~1)OQ 
eo + el 
2~tn+l  2 / tn+l  
(/ .tn+l -- 2cq)a2  61gl 
+ e2 + en+l 
2/ tn+l  / tn+l  
(/Zn+ 1 -- 2OqCt2)(1 -- Ct 1 -- Ct2) O~l (#n+l  -- 2C~1Ct2) 
e o + e] 
~n+l  ~n+l  
q_ O~2( ~tn+l -- 2OZlO~2) 2C~10~2 
e2 + en+l ,  
~n+l  ~n+l  
There fore  C~l + a2 = 1 or  2o~ 1 = 2o~ 2 =/ in+ 1 = 2. Now if n > 2, then  
e3en+ 1 --+ 6t 1 + o~ 2 ~ 1. 
COROLLARY 3.1. Each nuclear regular Bernstein algebra of type (n + 
1, 1) with stochastic realization is isomorphic to the algebra AI,1 or A2,1. 
Besides, if the algebra has a normal stochastic realization then, is iso- 
morphic to A2,1 or n = 1. 
S. GONZ.~LEZ ET AL. 
If r = 1 and M = [rnij], where uiuj  = rni jvl ,  then rnij = 0, 
400 
Proof. 
where 2 < i , j  <_ n. It is clear that  
and the signature of M is (1, 1), (1, 0), or (0, 1). • 
The authors thank Prof. Yu. Lyubich for his comments and observations that 
have contributed to improve this paper. 
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